Introduction
Functionally graded materials are macroscopically inhomogeneous materials with the inhomogeneity deliberately adjusted to the pre-supposed applications. Powder consolidation is the main route for the production of this type of composites. Free sintering is the cheapest method to impart strength to powder bodies. Unfortunately, sintering of macroscopically inhomogeneous components leads, as a rule, to distortions due to a non-uniform shrinkage of different powder elements. Various methods of cutting, grinding, polishing are used to render the necessary final shape of components after sintering. For ceramics, this finishing stage is a rather expensive operation. It seems reasonable to use initially distorted green bodies to provide near-net final shape after sintering. In general, machining of porous pre-forms is much a simpler operation then finishing of dense components. Moreover, some of the modern technologies of the formation of graded pre-forms can provide almost any pre-set initial shape for them. For example, the components considered in the present investigation are formed by electrophoretic deposition of powders [1] . The deposition can provide a wide range of ceramic pre-forms for subsequent sintering. Functionally graded pre-forms are obtained by electrophoretic deposition of a mixture of different powders from electrolyte suspension with concentrations of constituent powders varied with time. As a result, the concentration profile in a composite green body mirrors the history of the concentration evolution in the suspension.
Numerical Procedure
The numerical approach for the prediction of initial shapes of components is based on a finite element implementation of the continuum theory of sintering. From the macroscopic point of view, shrinkage during sintering can be treated as a linear creep of a porous body under the influence of the internal compressive pressure, which is usually termed as "sintering stress" or "Laplace pressure" and it is denoted as [2] . If the initial shape and the composition of a powder body are known, the theory of sintering can predict its final shape. The traditional statement of the modeling problem gives some insight about origins of distortions during sintering. However, from the practical point of view, the statement of the problem has to be opposite: final shapes of components are known and initial shapes have to be found. To solve this problem it seems natural to consider the "inverse" process of swelling of components from the final to initial shape under influence of the pressure -. This is the main idea of the approach.
As a result of the calculations, the initial shape corresponding to a certain level of the mean initial density can be readily found, but initial density will be distributed non-uniformly in the volume. The use of pre-forms with a non-uniform density distribution is not possible from the practical point of view. To obtain the initial shape of green bodies with a uniform ___________________________________________________________________________ 7 density distribution, an iterative procedure is used. After the first step of the inverse calculations the next step is the direct modeling of powder sintering with the initial shape of the pre-form taken from the previous step. Initial density is taken uniformly distributed throughout the volume. The calculations are carried out up to the density about 95 %. As a result of the calculations, density distribution in the component is obtained. At the next step, the inverse calculations from the given final shape are used again, but the starting density distribution is taken from the previous direct step. The mapping of density distribution from the distorted to the undistorted final shape can be readily carried out if the same finite element mesh is used for all steps of the iterative procedure without remeshing. In this case the natural correspondence is established between elements of the green body during all stages of the procedure. In such a manner at the beginning of the inverse step the density of the corresponding element from the foregoing direct step is attributed to every element. The iteration procedure is repeated until the condition of practical convergence for the initial shape of the component is met. Earlier this procedure has been used for the prediction of optimum initial shapes of powder components during HIP [3] .
The procedure can be applied only if the sintering stress and the constitutive behavior of the powder body are known. In the present investigation, sintering of pre-forms made of a mixture of alumina and zirconia is considered. These two powders have about ten times difference in particle sizes. The difference in the grain size will be considered as a main contribution into the non-uniform sintering of a functionally gradient composite. The sintering stress is sensitive to the powder size and, as a result, in the case of a mixture of powders with different sizes it becomes a function of concentrations of constituents.
Evaluation of the Sintering Stress for a Two-Component Mixture of Spherical Particles
A general formula for the sintering stress is given in [4] as: 
where K is the sum of the principal curvatures on , p L γ is the specific surface energy. The curvature K at the edge of the neck between two equal spherical particles can be estimated as [5] :
where α is a constant, x is the neck radius, ψ is the dihedral angle. In the ensuing assessments contribution of the second term in the right-hand side of (3) will be considered to ___________________________________________________________________________ 8 be negligible. For the sintering of particles with different radii, the curvature K can be estimated as follows [6] :
where are the radii of the small and large particles, respectively.
The diffusion flux in (1) can be found through the shrinkage rate [5] . 
where is the rate of approach of one particle toward the other. The shrinkage rate, in turn, can be evaluated through the rate of the volume change 
After substitution (6), (5) and (2) into (1), the formula for the sintering stress assumes the form
where summation is taken place over all necks between particles. Parameters are the radiuses of the particles forming particular neck. According to (7) the sintering stress does not depend on radii of necks between particles. For the unit volume of powder, formula (7) gives taken from [7] . The coordination number of the small particles with respect to large particle neighbors can be found in the form
where is so-called fractional area of large particles
and is the coordination number if small particle has contacts only with large particles: 
where
The sintering stress as a function of volume concentrations of small and large particles for different ratios of particle sizes is given in Fig. 1 . 
Evaluation of Bulk Viscosity for a Mixture of Alumina and Zirconia
According to the experimental results [8] the average densification rate during sintering of mixture of alumina and zirconia can be approximated in the following form
where ρ is the relative density of the powder, is a constant, A T is the temperature, is the gas constant, in the form
According to Ref. [6] , the sintering rate for powder compacts with particles of the same size can be transformed into a more general case of the sintering rate of powder compacts with a bi-modal particle size distribution by an introduction of the effective particle size 
Substitution of Eqs. (14) and (16) into Eq. (13) provides an assessment of the densification rate during sintering of a mixture of powders for any concentrations of constituents.
The bulk viscosity of a powder compact can be obtained as a ratio of the sintering stress and the rate of the free sintering densification.
The ratio of the shear viscosity to the bulk viscosity of powder elements was taken equal to
[2].
Numerical Examples
As a numerical example for the modeling, the sintering of a composite femoral ball head was considered. The femorall ball head is the part of the ceramic prosthesis of a hip joint (Fig. 2) . For increasing hardness of the ball, it has been proposed to use a thick graded alumina-zirconia coating on the sufrace of the circonia core. Zirconia inside the ball head has to provide high fracture toughness of the component and alumina has to improve hardness of the surface. According to the experimental data [8] , a mixture of zirconia and alumina is sintered much slower than pure zirconia, and as a result a considerable distortion of the component takes place (Fig. 3) . The zirconia-alumina graded coating was modeled as a thick outer layer with equal volume concentrations of alumina and zirconia. The iteration procedure based on the combination of the "consolidation" and "swelling" steps was used for the prediction of the initially distorted geometry of a green body needed for the near-net final shape after sintering (Fig. 4) . In the calculations, FEM implementation of the continuum theory of sintering [2] was used. The initial shape of the green body, which is necessary to provide the flat surfaces of a disk after sintering, is given in Fig. 5 . Another example is sintering of a laminated round disk consisting of equal layers of zirconia and a mixture of alumina with zirconia in equal volume concentrations. The radius-to-height ratio of the disk is 5:1. 
Conclusions
In many cases, functionally graded ceramic components have unique properties that cannot be reached in macroscopically homogeneous materials. However, consolidation of a macroscopically non-uniform powder green bodies as a rule leads to a final shape which is significantly different from the initial one. The problem of the distortion during sintering can be circumvented by the use of initially distorted green bodies. The numerical procedure for the prediction of the initial shape of green bodies is put forward. The procedure is based on the use of the "inverse swelling" from the final to the initial shape. The same procedure can be used for the prediction of initial shapes of composite powder green bodies for the production of near-net-shape components by HIP or Sinter-HIP.
